We study, through model experiments, the buckling under tension of an elastic membrane reinforced with a more rigid strip or fiber. In these systems, the compression of the rigid layer is induced through Poisson contraction as the membrane is stretched perpendicularly to the strip. Although strips always lead to out-of-plane wrinkles, we observe a transition from out-of-plane to in-plane wrinkles beyond a critical strain in the case of fibers embedded into elastic membranes. We describe through scaling laws the evolution of the morphology of the wrinkles and the different transitions as a function of material properties and stretching strain.
Wrinkled membranes. -Multi-layered systems composed of materials with contrasted elastic properties are ubiquitous in Nature and technology. Those systems are characterized by morphological instabilities when subjected to sufficiently large applied stress. Human skin as well as engineered materials are indeed prone to form wrinkles when compressed [1] [2] [3] . Although generally undesired, regular wrinkles observed on compressed thin films have been used for micro-patterning [4] [5] [6] , to assess the magnitude of the forces acting on a cell wall [7] or to characterize material mechanical properties [8] [9] [10] . In flexible electronics systems, rigid circuits are also deposited on (or embedded into) elastomeric substrates. Fine controls of the buckling and the possible delamination of the circuit occuring when the matrix is deformed are then required [11] [12] [13] [14] [15] . While the formation of wrinkles on thick soft substrates entirely covered with an inextensible thin film has been extensively studied [10, 16] , less works have been devoted to localized reinforcement of soft membranes by strips or fibers [17] [18] [19] [20] [21] [22] , although these geometries are important for applications in stretchable electronics [11, 23] . In this letter we propose to study the buckling under tension of elastic membranes reinforced (a) E-mail: atsushi.takei@espci.fr with a rigid strip or fiber through model experiments spanning a wide range of physical parameters.
Our experimental setup is illustrated in fig. 1 : a rubber sheet is stretched between a pair of parallel clamps displaced by a material testing machine (Instron). Previous studies have reported the formation of wrinkles when an elastic sheet is stretched beyond a critical strain, as a consequence of a mismatch between the width reduction due to Poisson effect and the fixed width at the clamps [1, [24] [25] [26] . In contrast to what has been described in these studies, we do not observe spontaneous wrinkles when the rubber sheet is stretched within the range of strains selected for our experiments. However, we consider rubber sheets reinforced by a thin, more rigid, elastic strip adhering on its surface, or by a thin thread embedded inside the sheet. The strips or threads are placed perpendicular to the traction ( fig. 1 ), and in this case we do observe wrinkles that extend over a finite area on the membrane (region R 2 , fig. 1(a) ). Similar wrinkles are also formed when a rubber balloon circumscribed by a stiff strip is deflated as demonstrated by Concha et al. [27] . In particular this system exhibits interesting non-linear patterns as the strain is progressively increased.
In the first part of the letter, we focus on the case of the reinforcement with a strip and describe, through scaling arguments, how the wavelength of the wrinkles depends on material properties, geometry and applied strain. We then compare these predictions with macroscopic experiments spanning a wide range of physical parameters. The second part is dedicated to the case of embedded fibers. We show that the stretch-induced undulation can also take place in the plane of the membrane, rather than out of the plane. We predict the wavelength of the in-plane wrinkles and give the condition under which this peculiar instability appears.
Reinforcement with a strip. -When a membrane of initial length L is stretched with a strain = ∆L/L in the y-direction ( fig. 1(a) ), the Poisson effect induces a relative compressive strain ν m in the perpendicular direction x, where ν m is the Poisson coefficient of the soft membrane. If the membrane is reinforced with an inextensible strip of width d L, the strip may release the compressive stress by buckling out of the plane. The traditional linear stability analysis of the planar state would predict the exact value of the wavelength, but only at the threshold of instability [28, 29] . Conversely, far from threshold analytical predictions describe the extension of the wrinkles [3] but not their wavelength. Here we choose to present scaling arguments, based on a minimization of the global elastic energy, to describe the evolution of the wavelength as the strain is increased.
We assume that the strip is inextensible and consider the energy in two complementary regions: bending energy U 1 of the strip in the region R 1 , stretching and bending energies U 2 in the region R 2 where the membrane alone is deformed ( fig. 1(a) ). We first estimate the elastic energy in region R 1 : the bending energy of the strip is given by [28, 29] 
where λ and A are the respective wavelength and amplitude of the wrinkles, W the width of the membrane, and B the bending rigidity of the composite band formed by the actual rigid strip and the soft membrane. This effective stiffness B can be determined from material parameters using classical composite beam theory [10, 14] . In the relevant limit for our experiments, the Young modulus of the rigid strip E s is much larger than the modulus for the soft membrane E m , whereas the thickness of the strip h s is small compared to the thickness of the membrane h m . The simplification of the general expression for the bending stiffness finally gives
with m = E s /E m (m 1) and n = h s /h m (n 1) and where ν is an effective Poisson coefficient that we take arbitrarily equal to 0.5 in the following, a typical value for rubbery materials. Note that the stiffness of the composite band is dominated by the strip for E s h 2 s E m h 2 m . We now turn to the elastic energy in region R 2 , where the soft membrane is also deformed beyond the strip. The characteristic size of this region is expected to be proportional to λ as a consequence of the elliptic nature of elasticity equations [28, 29] . Indeed, measurements of the normalized amplitude of the wrinkles as a function of the relative distance from the strip y/λ collapse on an exponentially decaying master curve ( fig. 2) . The corresponding decay length is found of the order of 0.3λ.
In addition to being bent, the membrane is also stretched in the R 2 region with a typical strain (A/λ) 2 due to excess in length imposed by the out-of-plane wrinkles. The deformation energy of the soft membrane in R 2 is thus given by the sum of bending and stretching energies
Since the strip is assumed to be inextensible, strain, amplitude and wavelength are geometrically related by (A/λ) 2 ∼ ∆W/W , which we take equal to ν . This last assumption is only valid in the limit W λ. Indeed if the strip remained straight, the membrane should be perturbed on a large scale (of order W in the y-direction, similary to the distortion near the clamped boundary conditions), and its stretching energy E m h m W 2 (ν ) 2 would thus be greater than the energy derived for U 2s for large values of W/λ. As a consequence, bending energies tend to favor large wavelengths (U 1 ∝ λ −2 and U 2b ∝ λ −1 ), whereas the stretching energy U 2s ∝ λ is minimized when the wavelength vanishes. Note that the tension in the elongated direction provides another mechanism which tends to bring down amplitudes and wavelengths. The corresponding stretching energy indeed scales as T (A/λ) 2 λW , where T ∼ Eh is the applied tension. But the resulting expression for this energy thus follows the same scaling law as the stretching energy U 2s (eq. (4)) and no additional term is required.
The optimal wavelength is selected by the minimization of the total energy ∂(U 1 + U 2 )/∂λ = 0. Two successive regimes can be identified. For small strains, the wavelength is governed by the balance between bending and stretching energies of the membrane alone:
Interestingly the main role of the strip is, in this first regime, to impose the inextensibility condition. The predicted wavelength is indeed independent of the material properties of the band. For larger deformations, i.e. larger strains, the bending energy of the strip dominates over the bending energy of the membrane, leading to the wavelength
which corresponds to the regime described in ref. [27] . The crossover between these two regimes occurs when the two bending energies, U 1 and U 2b , are of the same order of magnitude. The wavelength λ 0 , obtained from this balance of energy, and the strain 0 , obtained from eq. (5) or (6) using λ = λ 0 , characterizing the transition between these two regimes are thus
These transition values for the wavelength and for the strain are used without any prefactor to normalize the experimental data. The first regime is now described by λ/λ 0 ∼ ( / 0 ) −1/2 , whereas the second regime obeys λ/λ 0 ∼ ( / 0 ) −1/3 . The expected evolution of the wavelength of this system contrasts from the case of a plain rigid sheet or even a thin ribbon deposited on a thick soft substrate [6, [8] [9] [10] 16, 18] or at the surface of a liquid [30] under uniaxial compression, where the wavelength of the wrinkles does not depend on the applied strain. Indeed this last situation corresponds to λ h m and considering the bending of the membrane would not be relevant. The experiments conducted through a broad range of material parameters (10 −9 < 0 < 0.5, 0.1 < / 0 < 10 8 , 3.5 mm < λ 0 < 2000 mm and 0.01 < λ/λ 0 < 10) are in very good agreement with the second regime over 9 orders of magnitude ( fig. 3 ). Note the non-monotonic variation of λ with the thickness h m of the membrane when all other parameters are kept constant. Indeed, we expect the bending stiffness of the composite system, B to be dominated by the bending stiffness of the strip, E s h 3 s , for low values of h m and by the bending stiffness of the membrane, E m h 3 m , for larger values. Increasing the thickness of the membrane between these extreme cases yields a non-monotonic transition for the wavelength from λ ∼ h (6)). This transition is observed in the inset in fig. 3 . Obtaining data for strips in the first regime described by eq. (5) is however difficult in practice since it would correspond to strains that are below the resolution of our experimental setup ( min ∼ 0.5%). Larger values of 0 can nevertheless be obtained by decreasing d, i.e., by selecting narrower strips or even rods. In order to assess the first regime, experiments were conducted with fibers embedded into soft membranes obtained by crosslinking liquid polyvinylsiloxane (Elite double from Zhermack). As in the case of strips, out-of-plane wrinkles are observed with relatively thin membranes ( fig. 4 ). The arguments developed for a strip of width d can indeed be easily adapted to a fiber of diameter D by replacing, in eq. (6), the bending stiffness Bd by the bending rigidity of the fiber π 64 E f D 4 for E f E m . As illustrated in fig. 4 , the experimental results are in good agreement with the theoretical predictions over a range in / 0 spanning 8 orders of magnitude, this time reaching the first regime.
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In-plane buckling. -Exploring this first regime further down requires thinner fibers. However a new feature is observed as the ratio h m /D is increased: the fiber buckles in the plane of the membrane ( fig. 1(d) ). Considering the bending of the membrane is thus no longer relevant. As a matter of fact, the elastic material is compressed (and stretched) along the buckled fiber with a typical displacement A and a radial extension , leading to a characteristic strain ∼ A/ . Similarly to the 2D case previously described, we expect to be proportional to the wavelength λ. Due to the difficulty to measure directly the strain through the membrane, we conducted numerical simulations based on the finite-element method (Cast3M software) to estimate how the elastic material is deformed. In the simulation, the in-plane oscillations of the fiber are modeled as an imposed displacement in the y-direction u y = A 0 sin(2πx/λ) at y = 0 and z = 0 (see fig. 5 (a)). Within the limit of linear elasticity used for these simulations, the final strain is always proportional to A 0 . The boundary conditions were λ-periodic in the x-direction, and the other dimensions of the thick membrane were chosen as 25λ and 10λ in the y-and z-direction, respectively. The displacement in the y-direction is plotted in fig. 5 as a function of the normalized directions y/λ and z/λ for x = λ/4 (maximum deformation). The displacement is found to vanish as the distance from the fiber exceeds 0.2λ. We finally verified that varying the Poisson ratio from 0.1 to 0.5 did not lead to any significant modification of the distribution of strains.
The stretching energy of the membrane finally reads
where we have assumed that the strained zone is smaller than the thickness of the membrane (0.2λ h m , as indicated by the numerical simulation). The bending energy of the fiber is simply given by U 1f ∼ E f D 4 W (A/λ 2 ) 2 . Minimizing the global energy U 1f + U 3s with respect to λ finally prescribes the wavelength of the buckles:
which is similar to the expression derived by Ryu and Xiao et al. for the buckling of Si nanowires [21, 22] . This relation is in good agreement with the experimental data
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Stretch-induced wrinkles in reinforced membranes obtained for a ratio E f /E m spanning over 6 orders of magnitude ( fig. 6 ). We added a data point extracted from reference [21] where close experiments have been carried with silicon nanowires deposited on elastomeric substrates 1 . Note finally that our result is very close to the classical problem of a substrate uniformly covered with a thin layer where the wavelength is independent of the load. The exponents are however different because of the difference in the geometry (λ ∼ h(E s /E m ) 1/3 in the case of the thin film [9] ). The in-plane buckling only exist if λ h m , which gives the following necessary condition:
which only holds for thin fibers embedded into thick enough membranes, as it is observed experimentally (the quantity (D/h m )(E f /E m ) 1/4 typically ranges between 0.12 and 0.34 in our experiments). The transition between out-of-plane and in-plane buckling modes can be predicted by comparing the elastic energy of the two modes. These energies are simply derived by using the estimated wavelengths in the expressions for the energies. For a given strain , the elastic energy for the in-plane mode is thus given by
The elastic energy for the out-of-plane buckling when 0 is given by U I out ∼ E m h 2 m W (ν ) 3/2 . In-plane buckling is expected when U in < U I,II out , which corresponds to an applied strain larger than a critical value:
which is consistent with the assumption ip 0 . In the second regime corresponding to 0 , we find U II out ∼ (E m h m ) 2/3 (E f D 4 ) 1/3 W (ν ) 5/3 U in if the condition (10) remains valid, which favors in-plane buckling. As a result, in-plane buckling inevitably appears above a critical strain ip if the fiber is thin enough compared to the thickness of the membrane.
Conclusion. -In summary, membranes reinforced with rigid strips or fibers are found to buckle when stretched uniaxially in a direction perpendicular to the embedded structures. As the strain is increased, two successive regimes are predicted depending on the relative bending energy stored in the soft membrane and in rigid structure. In contrast to the case of a confined rigid sheet resting on a soft substrate, the wavelength depends on the applied strain (λ ∝ −1/2 and −1/3 , respectively). These theoretical scaling laws are in good agreement with experiments conducted over a wide range of experimental parameters. In addition, a non-intuitive regime of inplane buckling is found with fibers embedded into a thick membrane. In this configuration the wavelength only depends on the material parameters but not on the applied strain. We expect our results to be relevant for designing stretchable electronic devices or more generally composite materials where the formation of buckles can be crucial. Measuring the wavelength of the wrinkles may also be used in metrology as a way of inferring the strain applied to a membrane in minute samples where conventional methods are not applicable. * * *
